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Introduction 


Puzzy sets were first studied by Zadeh in [12], and since there has been an incredible attention in this 
patticular branch of mathematics because of its many applications in fields like engineering 
and computer science as well as the analysis of social and economic behaviour. Rosenfeld [8] 
introduced the concept of fuzzy groups on fuzzy sets in and developed number of basic results for 
fuzzy groups. In fact, the fuzzy subgroups admit many algebraic properties of the groups. For more 
details, we refer to [9], [10]. Anthony in [2] redefined the concept of fuzzy subgroup. Later, Das [4] 
modified Zadeh and Rosenfeld's work by defining the level subgroups of a given group. The concept 
of fuzzy homomorphism between two groups was defined by Chakraborty and Khare [3], they also 
examined how it affected fuzzy subgroups. Additionally, Ajmal [1] presented the concept of the 
typical kernel of a group homomorphism in fuzzy subgroups. The most recent research on the use 
of fuzzy sets in various algebraic structures may be found in [11], [13]-[16]. Gupta and Qi [5] 
developed the notion of T operators on fuzzy sets. The theory of fuzzy operators plays a key role in 
various disciplines, specifically in the field of engineering and artificial intelligence. This significant 
application of fuzzy operators motivates us to familiarize the concept of a fuzzy set based on these 
operators. 


In this paper, a fuzzy set is defined in relation to a Nr-operator. With the help of fuzzy subset, we 
propose a new version of fuzzy subgroup called it 7-fuzzy subgroup and analyse its supplementary 
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theory, derive analogues for several fundamental group theoretic results. Using the classical 
homomorphism, we demonstrate that the homomorphic image (pre-image) of 7-fuzzy subgroup is 7- 
fuzzy subgroup. Furthermore, we introduce the concept of n—fuzzy cosets and fuzzy normal subgroup. 
We also define isomorphism between the quotient group with respect to the normal subgroup Gyn. 
Since 7 —-fuzzy subgroup is more abstract structure then the fuzzy subgroup and the results in this 
version are more general than the existing results in the literature. Throughout in this paper, we will 
refer to FS(G) and FNS(G) as the fuzzy subgroup and fuzzy normal subgroup of a group G, respectively. 


2 | Preliminaries 
We review some of these core concepts which are relevant to the rest of our discussion. 
Definition 1 ([6]). Let E be a nonempty set. A mapping p:E — [0,1] is called a fuzzy subset of E. 


Definition 2 ([6]). Let p and o be fuzzy sets of a set E. Their intersection po and union p Uo are 
fuzzy sets of E defined by 


I. (pNo)(a,) = min{ p(a,),o(a,)} forall a, €E. 
Il (pUo)(a,) = max{ p(a), o(a,)} forall a,€E. 


Definition 3 ([6]). Let p be a fuzzy set of a set E. For y € [0,1], the set p, = {ay:4, €E,p(a,) = y| is 
called level subset of p. 


Definition 4 ([6]). Let p be a fuzzy subset of a group G. Then p is called a FS(G) if 


I. p(a,a2) => min|p(a,), p(a.)} for all a,,ay € G. 
Il. p(a:t) > p(a,) forall a, €G. 


Lemma 1 ([6]). Let p : G — [0,1] be a FS(G), for all a, € G, we have 


I. p(e) = p(a,) for all a, €G. 
IL. p(a:1) = p(4,). 


Theorem 1 ([4]). Let p be a fuzzy subset of group G then p is FS(G) if and only if the level subset py, 
for y € [0,1], p(e) = y, is subgroup of G, where e is an identity of G. 


Definition 5 ([7]). A FS(G) p is called a FNS(G) if p(a,a2) = p(a2a,) for all a,,a, €G. 


Definition 6 ([7]). Let p be a FS(G). For any a, € G, define a map p,, : G — [0,1] as follows: 


IL p,,(g) = p(gay?) forallg €G. 
Il. Pa, is called fuzzy coset of G determined by a, and p. 


Definition 7 ((5]). A map T: [0,1] x [0,1] — [0,1] define by (a,,a )-—> min{a,, a} is T-norm iff 
for all ay, az,a3,a4 € [0,1] 


I. T(a,,42) = T(a,44), 
Il. T(a,,T(az,43)) = T(T (4,42), a3), 
Il. T(a,,1) = T0,a,) =1, 
IV. Ifa, < a3 and ay < ag then T(a1, a2) < T(a3, a4). 


Il) 
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3 | n-Fuzzy Subsets and Their Properties 


Definition 8. Let Ny be an operator defined as Nr : [0,1] x [0,1] —> [0,1] by 
N-(ay,a2) = min{l —a,,1-—a} for alla, a> € [0,1 J. 
Infect, Nr admits the properties below, for all a1, az, a3,a4 € [0,1 ]: 
I. Nr(ay,42) = Nr(az, 44), 
Il. Nr(ay,1) = Nr(1,a1) = 0, 
Il. If a, < a3 and ag < ag, then Nr(ay, a2) = Nr (43, a4). 


The operator N;, is non-associative. 


Definition 9. Let p: X — [0,1] be fuzzy subset of X and 7 € [0,1], the fuzzy subset p” of X (w. r. t fuzzy 
set p: X — [0,1]) denotes the n-fuzzy subset of X and is defined as follows: 


o1(a,) = min {1 — p(a,),1-7 | for alla; € X. 


Example 1. Let A = {set of young people} define p fuzzy set on A as follows: 


L if ay 208. 
40 — 
pa(ay) = = if 25 <a; < 40, 
0, if a, > 40. 


Take n = 0.6, now for a, = 20, we have p” (a) = 0. For ay = 30, we have p" (a2) = 0.333 and for a3 = 
45, we have p" (a3) = 0.4. 


Remark 1: It is important to note that one can obtain the negation of classical fuzzy subset p(a,) by 
choosing the value of 7 = 0 in above definition whereas the case become crisp for the choice of 7 = 1. 
These algebraic facts lead to note that the case illustrates the n-fuzzy version with respect to any fuzzy 
subset for the value of n, when 7 € (0,1). 


Definition 10. Let €:G — Gr where G, G’ ate groups and p and o be n-fuzzy subsets of G and G’ 
respectively. Then €(p7) and €-1(07) are the image of n-fuzzy subset p” and the inverse image of n-fuzzy 
subset 0” respectively, defined as: 


):a, € Ea), if Ea) # @, 


1 &(p")(a) = as ee if Ma.) =o. 


Il. €"(o0")(a,) = o(E(a,)) for all a, € G. 
Example 2. Let €:V, — R where V4 = {1, a, a, aa} defined as follows: 


€(1) =1, E(a,) = 2, E(ay) = -2 and E(a,az) = 4. Define fuzzy set p on Vy given by p(1) =1, p(a,) = 0.8, 
p(az) = 0.4 and p(a,a2) = 0.5 define fuzzy set o on Ras follows: 


1 
o(a,) = ——. 


lay 
Take n = 0.3, so E(p"(ay)) = {0, 0.2, 0.7, 0.5} and €1(a"(a,)) = {0, 0.5, 0.7} 


Theorem 2. 


I. Let pando be any two fuzzy subsets of a set E then (9 Na)" = p7N 0". 
II. Let p and o be two fuzzy subsets of a set P and Q respectively and € : P —> Q be a mapping, then 


— (pl) = (E(p))". 


— ENXpr) = (E())". iil 


J. Puzzy. Ext. Appl 


68 


fo) 
* 
iT 9) 
\o 
a, 
eo 
N 
oS 
N 
— 
ss 
N 
— 
+ 
= 
a 
< 
ony 
% 
cal 
aS 
N 
N 
=} 
ey 
= 
2) 
is] 
is 
a! 
< 
in| 
S 
SB 
bal 
Ss 
a} 
oN 
Dn 
< 


Proof: By Definition 9, we have 


(p No)"(a,) = min {1 -—(pNo)(a),1-1n \ where a, € E and n € [0,1]. 
= min {1 — min | p41), o(a)E1- 17 } 


= min { min {1 — p(a), 1-n}, min{1- o(a),1-7 } 
= min { p"(41) ,0"(a,)}= (p"N o7)(a,) for all a, € E. 
Consequently, (97M 0")(a,)=p" No". 
I. E(p")(az) = sup { p"(ay) : E(ay) = ap } 

= sup {min {1 - p(a),1-1 }} 

= min {sup {1 — p(a),1- 7 }} 

= min {1 — €(p)(a2), 1 — n} 

= (&(p))' for alla, €Q. 
Hence, &(p") = (E(p))’. 
IL From Definition 9, we have 

ENpI)(ay) = (p1E(ay) = min{1 - p(E(a)),1-9 } = min (1- E%p(@,),1- 1 } 
= (E1(p))"(a) for all a; € P. 
Hence, E1(p") = (E%(p))". 
4 | n-Fuzzy Subgroups 

This section deals with the concept of n-FS(G) and 7-FNS(G). We prove that every FS(G) (FNS(G)) is 
also n-FS(G) (FNS(G)) but converse need not to be true. The concept of n-fuzzy coset is defined and 
discussed deeply. Moreover, applying the idea of 7 — FNS(G), we introduced the quotient group with 
respect to FNS(G). This leads us to develop a natural homomorphism with respect to 7 - FNS(G) from 


a group G to its quotient group. Additionally, we discover the homomorphic image and pre-image of n — 
FS(G) (7 - FNS(G). We conclude this section by establishing an isomorphism between the quotient 


fou = and = 
group of Gor 
Definition 11. Let G be a group and p:G — [0,1] be a fuzzy subset G. Let 7 € [0,1], then p is called n- 


FS(G) if p" is FS(G). In other words, p is n-FS(G) if p" admits the following properties, for all a,, az € 
G: 


I. p"(a,a2) > min { pe" (a1), p"(ay)}. 
IL. p"(a,7) = p"(ay). 


Mh 
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Define n-fuzzy subset p” of G for n = 0.8 as follows: 
p"(1) = 0.2 and p7(a,) = p"(az) = p(a,a2) = 0.1. 
Clearly, p" is n-FS(G). 


Remark 2: Note that, p is n-FS(G) for any choice of 7 in each of the following case 


I. p(a,a2) = n >min {p(a1), p(az)}. 
Il. > p(a,a42) >min {p(a1), p(ay)}. 


IH. = p(a,a2) >min {p(a1), p(a2)} > 1. 
IV. For 17 = 0, we get the complement of classical fuzzy subgroup. 


Proposition 1. Let p be n-FS(G). Then the following statements hold: 


— pa) < pe) for alla, € Gand e is identity element of G. 
—  p"(a,a.~1) = p"(e) gives p"(a,) = p"(az) for all ay, ay € G. 


Proof: 


On algebraic aspects of n-fuzzy subgroups 


I. Since p"(a,a,"1) = p'(e) and also p"(a,a,") = min {p"(a,), p"(a,-1)} 


= min| p(y), p"(a,)} = p'™(ay). 
This implies that p7(a) < p"(e), for all a, € G. 


1 


Il. Since we have p"(a,) = p"(ayay~' a2) > min {p"(aya*), p'(ay)}. 


Then by our assumption we have p"(a,) > min {p"(e), p"(az)} which implies that 


o"(ay) = p"(az). 


Similarly, p"(a) = p"(ana, 


a) > min {p"(a,a,1), p"(a,)} then by our assumption, we have p"(a2) > min 


{e"(e), p"(a,)} = p"(a,), which implies that p"(az) > p"(a,). 
Hence, p7(a,) = p"(a). 

The next result leads to note that every FS(G) is n-FS(G). 
Proposition 2. Every FS(G) is also n — FS(G). 


Proof: Let p be a FS(G). Consider, p"(a,a2) = min {1 — p(a,a2), 1-7 a where 7 € [0,1] and a, a2 € G. 


> min {1 - min { p(y), p(a2)1- 1 | 


= min{min {1 — p(a), 1-n}, min{l—- p(a2),1-7 |\=min {p"(ay), p'(az)}. 
Thus, we have p"(a,a9) > min{ p" (a4), p"(ay)}. 

Moreover, p"(a;) = min {1 - p(a),1 -1n | = min {1 — p(a,),1-17 = p"(a,). 
This implies that p is n-FS(G). 

Remark 3: The converse of the aforementioned proposition must not be true. 


Example 4. Let G = $3 = { (1),(1 2), (1 3), (23), (12.3), (132)}, 


p((1)) = 0.4, p((1 2) = p((1 3)) = p((23)) = 0.5, 
And 


p((1 23) = p((13.2)) = 06. 
Consider the n-fuzzy set for 7 = 0.55 as follows: 


p"(()) = 0.45, p"((1 2)) = p"((1 3) = p2((2 3) = 0.45, 
And 


p°((12.3)) = p1(1.32)) = 0.4. 


Clearly, the fuzzy subset p is 7 - FS(G) . 


Moreover, p is not FS(G) because all possible level subset po4 = { (1),(1 2), (1 3),(23) }, pos = 
{ (1 2),(1 3), (23) } and pos = { (12 3),(1 3 2) }. 


Poa, Pos and po. ate not subgroups of $3 = G. 


Proposition 3. Let G be a group and p be its fuzzy subset such that p(a,) = p(a:1) forall a, €G. 
Let 7 = m, where n € [0,1] and m = sup {p(a1), a € G|, then p is also n-FS(G). 


Proof: Since, we have 7 > m. So, 7 > sup {p (a1), a € GI, which implies 7 > p(a;) for all a, € G. 
So, we have p"(a,) = min {1 — p(a),1-17 =1-7 forall a, €G. 

This implies that p"(a,42) > min {p"(a,), p"(az)} for all a,,a, €G. 

Also, p"(a,*) = p"(a,). 

Hence, p is n-FS(G). 

Proposition 4. Let p and o be any two n-FS(G). Then p Na is also n-FS(G). 


Proof: Let p and o be two n-FS(G) of a group G and let a1, az € G. 


Il) 
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Since, (9 No)"(a,) = (p7N 07)(a,) hold, then we have 
(9 No)"(ayzaz) = (P"N o")(ayag). 


So, (p" N.o")(ayaz) = min { p"(a,a2) ,0"(a,a2)} 


Mh 


71 > min{min { p1(a,), p"(a)}, min{ o(a,), o7(ap) }} 
= min{min{ p"(a;),0"(a;)}, min{ pa), o"(az) }} 
= min {(p7 9 0)(a), (97 N.07)(ay)}. 
This implies that (pM o7)(ab) > min {(p N.07)(a), (p" N.0")(ay)}. 


Moreover, (9 o)"(a,-1) = (p™N o")(a,"1) = min {p"(a,), 


p"(ay~1)} = min {p"(az), p"(a.)}. 


We have (p N o)"(a,1) =(p No)"(a,). 
Consequently, p No is n-FS(G). 
Corollary 1. The intersection of any finite number of n-FS(G) is also n-FS(G). 


Proposition 5. Let p and o be any two n-FS(G). Then p Uo need not to be 7n-FS(G). 
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Example 5. Let G = Q3 = {+1, +i, +j, +k }. Take two subgroups of G that are 
Ay = { +1, +i} and Hy = { +1, +]}. 


Let p and o be two fuzzy subsets of G as: 


(a ) _ ee if a, € Hy, 

prar) = 0.9, otherwise. 
And 

= 0.3, if az, € Hy 

oi) > otherwise. 


Since, p"(a)= min {1 p(a),1-1n \. 


Define n-fuzzy subsets p’ and o” for 7 = 0, as follows: 


0.8 ifa, €H 
0 = 7 af 1, 
p (ai) = ioe otherwise. 


And 
0 = 0.7, if az, € Ho, 
o'(a1) = ic otherwise. 
It is easy to check that p° and o° are 0-FS(G). 
Now, we define p® U 0° as: 


(p® Uo°)(a,) = max{ p*(a)),0°(ay)}, 


So, we have 


0.8, if are Ay, 
(p° Uo)(a,) = {o if a, € Hp\Hy, Ih 
0.1, otherwise. 
Let ay = iand ag = tf J. Fuzzy. Ext. Appl 
Observe that (p° U 0°)(i) = 0.8 and (p? U0°)(j) = 0.7. 72 


So, min {(p? U 0°)(i), (p? U 0°)(j)} = 0.7, but (p? U 0° (i) = (p® U 0° )(k) = 0.1. 

This implies that 

(p° Uo)(ij) < min {(p? U 0°) (i), (p? Uo)(j)}. 

Hence, p° Uo? is not 0-FS(G). 

Example 6. Let G = Qs = {+1, +1, +j, +k }. Take a subgroup of G that is H, = { +1, +i}. 


Let p and o be two fuzzy subsets of G as: 


(a ) oo ne if az, € Hi, 

P\41) = 199 otherwise. 
And 

a 0.2, if aye Hi, 

o(a1) = ie otherwise. 


Then we have p° and 0° as follows: 
0.7 ifa, €H 
0 = , 1 Vy 
p (a1) = on otherwise. 
And 
0 _ {0.8, if a, € Hj, 
o"(a1) = ie otherwise. 


Then we have 
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0.8 if a,€H 
0 0 = : : . 
(p! Vor)(ay) = ee otherwise. 


It can be easily seen that p? Uo? is 0 - FS(G). 

Definition 12. Let p be n-FS(G), for any a, € G define n-fuzzy left coset a,p" of p in G as follows: 
a,p"(x) = min 1 - p(aytx),1 -1 | for all a,,x € G. 

Similarly, we define n-fuzzy right coset p"a, of p in G as follows: 

p"a,(x) = min {1 - p(xa,-1),1 -1 | for all a,,x € G. 

Example 7. Let p be a fuzzy subset of the group G = Z, = {0,1,2,3} defined as 

p(0) = 0.2, p(2) = 0.4 and p(1) = p(3) = 0.4. 

Define n-fuzzy subset p" of G for n = 0.5 as follows: 


p(0) = 0.5, p"(2) = 0.5 and p"(1) = p13) = 0.4. 


Mh 
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Clearly, p" is n-FS(G). Consider n-fuzzy left coset of p by the element 2 € Z, as follows: 


; 0.4, if a, € 0,2 , 
2+ p"(a,) = min {1 =p2+a), 1-7 ibe J eed 


Similarly, define n-fuzzy right coset of G. 

Proposition 6. Let p be n- FS(G). Then p be n — FNS(G) if and only if a,p7(x) = p"a,(x) for all a, € G. 
Note: a,p"(x) = p"(a;1x) and p"a,(x) = p"(xa,-1) forallx €G. 

The following result leads to note that every FNS(G) is n- FNS(G). 


Example 8. In view of Example 7 n- FS(G) is a n-FNS(G), because its all n-fuzzy left cosets and n-fuzzy 
right cosets ate equal. For instance, consider 


0.4,  ifa, € {0,2}, 


17 =! = 
2+ p"(ai) = pay) +2 i otherwise. 


Proposition 7. Every FNS(G) is also n-FNS(G). 

Proof: Suppose that p is FNS(G) which implies that a,p = pay. 

Then for any x € G we have p(a,-1x) = p(xa,-1). So, we have 

min 1 - p(a;"1x),1 -1 = min {1 - p(xa,71),1 -1 \. 

This implies that a,p7(x) = p"a,(x) for all x € G. Consequently, p is 7-FNS(G). 
Note that the converse of above result need not to be true. 

Example 9. Let G = D; = < a,b: @® =? =e, ba=a’b>. 

Define a fuzzy subset p of G as follows: 


ive tee ifae<b>, 
PY = 104 otherwise. 


Take n = 0.6 then we have p"(a) =1-7 forallaeG. 
a,p'(g) = min {1 — p(a;"1g),1- }= 1-7 


= min {1 - p(ga),1 -1 | = p'a,(g). 


Then @,0"(g) = p"a,(g) which implies that p is n-FNS(G). But it can be seen that p is not FNS(G). This is 
because p((a?)(ab)) = 0.3 and p((ab)(a?)) = 0.1. ie. p(a-1g) = p(ga-t) not hold. 


Proposition 8. Let p be 7-FNS(G). Then p"(b-ta,b) = pay) ot p(a,a) = p"(az41) hold, for all a1, a € G. 
Proof: Since, we have p be n —- FNS(G) then we have a,p" = p"a, for all a, € G. 
This implies that a,p"(ay~1) = pa, (a,) for all ay € G. 


= min 1 - p(ay-ta,),1 -1 | = min {1 - p(azta,),1 -1 | = p"(a;ta"1) = p"(a.ta,"). 


Consequently, we have p"((aza1)"1) = p"((a1a)"). 


Il) 


Hence, p"(4,a2) = p"(aoa). 
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I. p%(aoa1) = p"(a,az) for all a1, az € G. 
II. p"(a;a50,"1) = p"(aq) for all a,,a, €G. 
Ill. p"(a,a20,1) > pap) for all a,,ay € G. 
IV. p" (a, 420,71) < pap) for all a,,ay € G. 


Proposition 9. Let p be n-FS(G). Let 7 = m, where n € [0,1] and m = sup {p(a1), a € GI, then p is also 
n-FNS(G). 


Proof: Since, we have 7 => m, so n > sup {p(a1), a € Gc}, which implies that 7 > p(a,) for all a, € G. 
So, we have p"(a,) = min 1 — p(a),1-17 | =1-7, 

p"a,(g) = min{1 - p(gay1),1 -1 } =1-7%, 

Similarly, a,p7(g) = min{1 - p(a:"1g),1 -7 | = 1-7. 

This implies that a,p" = p"a, for all a, € G. 

Hence, p is also n-FNS(G). 


The following result illustrate that the set Gon is infect a normal subgroup of G. 


Proposition 10. Let p be y-FNS(G). Then the set define as Gyn = { a,€G: p(a,) = pe) | IG. 
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Proof: Since, Gpn is nonempty because e € G. Let 41,42 € Gyn, 

p"(a,a"1) > min{ pa), p"(a,"1)| for all a,,a, €G 

= min{ pa), p'(ay)| for all a,,a, €G 

= min{ pe), p'(e)} forall a,,a,€G 

= pre). 

This implies that p"(a,a2) > pie). 

Since, p" is FS(G) which implies that p"(a,a.) < p"(e). 

Hence, p"(a,a~1) = p'(e) implies that Gp is subgroup of G. 

Now we prove it is normal subgroup of G. Let a, € G,v and ay € G, then we have 


1 


p"(ay~Sayay) = p'(ay) = pe). 


Mh 
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This implies that aya,a2 € Gyn . 
Consequently, we have G,n 3G. 
Proposition 11. Let p be n-FNS(G) of a group G. Then the following statements hold 


I ayp" = agp™ => ay tay € Gon. 


IL. pa, = play <> ajay! € Gon. 
Proof: 
I. Suppose that a,p" = a)p", then we have 
p"(ay"az) = min {1 - p(a;ta),1 -1 | 
= 4, 9"(ag)= agp" (az) 


= min {1 - p(ao"tay),1 -1 | 


= min {1 p(e),1-7 
= pe) 
Thus p"(ay1ay) = p'(e) implies that a;~!a) € Gn. 
Conversely, 
a,p"(a3) = min {1 - p(a1-ta3),1 -1 I 
So, p"(a;-1as) = p"(ay "ay. ay"1a5) > min{p"(a;~tay), p"(ay1as) | 
=min {p"(e), p"(a,"tas) | 
= p"(ay"1a3)=ayp"(a3). 
By interchanging the a, and a2, we have a,p"(a3) = a2p"(a3) for all a3 € G. 
Hence, 4,9" = ap". 
II. Similar as above proof. 


Proposition 12. Let p be 7n-FNS(G) of a group G and 41, 42,x,y € G. If a,p" = xp" and ap" = yp” then 
aap" = xyp". 


Proof: Given that a,p7 = xp" and ayp" = yp", which implies that a;"'x, a)7ly € Gon. 
Now (4,42) !xy = a "(ay x)y= ay" (a,-tx)(ayay")y 


= [ao-1(a,-1x)a, |(a2"ty) eGe YG. 


This implies that (a,a2)"'xy € Gon. Hence, aap" = xyp". 


c be the collection of all n-fuzzy cosets of a 7 — FS(G). This form a group under 


Proposition 13. Let ma 


Il) 


G 
— as follows: 


the binary operation ® define on the set . 
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Proof: As we know that a= { pla, :a,€G i 
Let p7a, = pa, and p"az = p"aq’ for all ay, a,',a2,a/ € G. 
Let g € G then (pa, ® p"ap)(g) = pa; a9(g) = min {1 - p(g((a,a2)"),1 - 0 } 
= min {1 - p((gay"t)a,),1- 1} 


= pa, (ga) = p'ay'(gaz) 


= min 1 - p((gazt)a,),1 a] 


= pliag(ay’”'g) = p'as’(a1""8) 
= min {1 - p((a’ 'g)a""),1 -7 | 
= min {1 -p (a.""(a “g)) ,1-7 \ 


= min {1 -p ((a.’'a,"*)) 1-7 | 


= min {1 - p((ay’ay’)-1g)),1 - 9 } 
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= min {1 - p(g(a'a,’)"),1-1 | 
= pay'ay’. 


G 


Hence, @ is well define operation on the set or 


G ‘a4 ; id Cs ae 
The set 7 under this binary operation admits the associative law. The element p"e of mis the identity 


element and the inverse of an element pa, is p"a,"'. 


Example 10. In view of Exampk 7 consider p as n- FNS(G). 

The sets = { p7,2 + p”} forms a group under the following binary operation defined on 5 as (a, +p”) + 
(a2 + p") = ((a4 + 4) + p"). 

Note that p"(a,) is identity element of this group and inverse of a, + p” is (—a,) + p". 

G 


Definition 13. The group 7 of n-fuzzy cosets of a 7 — FNS(G) is called the quotient group of G by p”. 
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Theorem 14. Let G be a group and 5 be quotient group with respect to 7 — FNS(G). There exist a natural 
epimorphism from G to a which is defined as E(a,) = p"a, with Ker € = Gn. 
Proof: Let a1, a2 € G be any elements. Then €(a,a2) = p!ayay = pay play = €(a,)E(ap). 


Therefore, € is homomorphism. For each p"a, € Gyn we have a, € G such that €(a,) = pay. 


This implies that € is onto homomorphism. 
Now Ker € = { a, €G: E(a,) = pe} 

={a,€G: pa, = pe} 

={a,€G: aeteGin} 

={a,€G: a, € Gon } = Gon. 
5 | Homomorphism of n-Fuzzy Subgroups 
Anthony and Sherwood [2] observed that using a minimum in the Rosenfeld [8] definition of a fuzzy 
subgroup constrains the concept, rendering it useless in a variety of fuzzy situations. They introduced the 
concept of an T-norm and redefined the fuzzy subgroup by substituting a T-norm for a minimum. They 
investigated the impact of a simple homomorphism on fuzzy subgroups. Here, we present the results of 


homomorphism in frame work of our proposed definition. 


Theorem 4. Let €:G — G’ be a bijective homomorphism of a group G into a group G’. If p is n- 
FS(G) then the homomorphic image €(p) is n-FS(G’). 


Proof: Given that p be n-FS(G’). Let a’, a’, € G’ be any element then we have unique elements 41, a2 € G, 
such that p(a,) = a’; and @(az) = a’. 


Further, (E(p)) (a’,a’2) 
= min {1 - (p)(a',a'), 1-0} 
= min {1 - E(p)(E(a)E(a)), 1-1 | 
= min {1 - £(p)(E(ava)), 1-7 | 
= min {1 - &(p)(a;4,), 1-7} 
= p"(aya2) 
> min {p(a,), p'"(az) | for all ay,a, € G 
= min {E(p)"E(ay), Ep)" (a2) } 
= min {E(p)"(a’,), E(p)"(a'2) }. 


Consequently, 


(E(p))"(a’ya") = min{(E(p))"(a’,), (E(p))"(a’,) J. 


Il) 


Also, (5(0))"@’™) = E(1)(a"™) = (0) (o()) = pr(«) = pra Vacs Bho 
= (p")(E(a)) = (E(p))"(@’) a 
Thus, (&(p))"(a’") = (E(p))"(a’). 


Consequently, €(p) is n-FS(G’). 


Theorem 5. Let €:G — G’ be a bijective homomorphism of a group G into G’. If p is n-FNS(G) 
then the homomorphic image €(p) is n-FNS(G’). 


Proof: Given that p be n- FNS(G). Let a’,, a’, € G’ be any element then we have unique elements 41, a € 
G, such that E(a,) = a’, and E(az) = ay. 


(€(p))"(a’a’2) = min {1 - E(p)(a’a’), 1-1 | 
= min {1 - E(p)(E(a,)E(ap)), 1-1 } 

= min {1 - &(p)(E(a,29)), 1-1 | 

= min {1 - &(p)(&(aza;)), 1-1) | 

= min {1 - E(p)(E(a2)E(ay)), 1-1 } 

= min {1 - E(p)(a‘pa’,), 1-9} 


= (E(p))'(a’1a’2). 
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Consequently, €(p) is 7 - FNS(G’). 


Theorem 6. Let €: G — G’ be a homomorphism of a group G into G’. If o is n — FS(G’) then the 
pte-image €-!(c) is n-FS(G). 


Proof: Given that o be n-F5(G’). Let a1, a) € G be any element then we have 
(E1(0))"aqag) = EM6")(ayay) = 9"(E(aya2)) = 07(E(a,)E(ay)) 

> min {o"(E(a,)), o7(E(a,)) | 

= min {E* (o7)(a), EMo")(a) }. 

Thus, 


(E1(0))"(ayay) = min {(E* o))(ay), (E40))(ay) }. 


Also (E-1(o))"(a2) = E1o)(at) = ot (<(«*)} = o(E(a)) = Eo). 
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Thus, (E1(0))"(a™) = (E1(0))"a). 
Hence, &1(a) is n-FS(G). 


Theorem 7. Let E: G — G’ bea homomorphism of a group G into G’. If o is n-FNS(G’) then the pre- 
image €-1() is n-FNS(G). 


Proof: Let o be n —- FNS(G’). Let a1, a) € G be any element then we have 
(E1(6))"ayaq) = E*(67)(ayaz) = 0(E(ayay)) = 0 (E(aq)E(ap)) = 0 (E(aza,)) 
= (€1(0))"(azm). 
Thus, 
(E1(0))"aya2) = (EM(0))"(azay). 
Hence p71(o) is n- FNS(G). 
Theorem 8. Let p be a n-FNS(G) and a4,4 € G be any element. If a,p7 = ap" then p"(a,) = pap). 


Proof: Suppose that ap" = ayp" then by Proposition 8 we have ay"'ay € Gyn and ag7'a, € Gyn. Since, 1- 
FNS(G), this implies that 


pay) = p"(ag1a,a,) = min {p"(aya1), paz) | = min{ p"(e), p"(az)} = pay). 
Therefore, we have p"(a,) > p"(az). Similarly, we have p"(a,) < p"(a2). 
Hence, p"(a,) = p"(az). 


Theorem 9. Let p be a n-FNS(G). Then — = 


G. G 
ul “ 
pl Gon 


Proof: Define a map @ : a — = by the rule 
p 


E(a,p") = a,Gpn, for all a, € G. In view of Proposition 8 & is well define. 
The application of Proposition 8 leads to note that € is injective. € is obviously surjective. 


Now consider, for 4,p",azp" es we have E((a,p")(app")) = —(44A29") = A44yGon = A,Gon,a2Gon = 
E(a,p")E(azp"). 


So, € is homomorphism. Since € is a bijective mapping, which implies this is an isomorphism. Hence, 7 = 
G 


6 | Conclusion 


In this paper, we introduced the idea of 7 — FS(G) and n-fuzzy cosets for a given group. We used the 
concept of 7-FNS(G) and discussed various related results and properties. We also studied the effect on 
the image and inverse image of 7 — FS(G) (FNS(G)) under group homomorphism. We shall extend this 


concept to intuitionistic fuzzy sets in the upcoming studies and look into itsnumerous algebraic features. 


Moreover, we used the concept of 7 —fuzzy subset in classical field theory. 
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